CHAPTER 4 ELECTROSTATICS

he capacitance of a two-conductor body and
resistance of the medium between them can be
computed from knowledge of the electric field in
that medium.
The electrostatic energy density stored in a dielectric
medium is w. = 1 E2 (J/m).

» When a charge configuration exists above an infi-
nite, perfectly conducting plane, the induced field E
is the same as that due to the configuration itself and
its image with the conducting plane removed.
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Provide definitions or explain the meaning of the
following terms:

static condition
electrostatics

volume, surface. and line charge densities
current density J
conduction current
convection current
electric field intensity E
electric flux density D
Coulomb’s law

Gauss’'s law

Gaussian surface
conservative field
electric potential
electric dipole

dipole moment p
constitutive parameters
conductivity o
conductor

dielectric material
semiconductor
superconductor
electron drift velocity u.
hole drift velocity uy
perfect conductor

perfect dielectric

electron mobility s

hole mobility 1y

Ohm’s law

conductance G

Joule’s law

boundary conditions
polarization vector P

linear material

1sotropic material
homogeneous material
electric susceptibility x.
permittivity £

relative permittivity &,
dielectric strength

dielectric breakdown
capacitance C

electrostatic potential energy W,
electrostatic energy density w,
image method

A cube 2 m on a side is located in the first octant
in a Cartesian coordinate system. with one of its corners
at the origin. Find the total charge contained in the cube
if the charge density is given by py = xy?e=% (mC/m°).

Find the total charge contained in a cylindrical
volume defined by » < 2mand 0 < 7z < 3 mif
ov = 20rz (mC/m?).

Find the total charge contained in a cone defined
by R £ 2 mand 0 < 6 < 7/4, given that
oy = 10R” cos” 8 (mC/m?).

If the line charge density is given by p; = 24y°
(mC/m). find the total charge distributed on the y-axis
fromy = —5toy =23.

“Answerts) available in Appendix D.
™ Solution available in CD-ROM.
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4.2 Find the total charge on a circular disk defined by
r<aand: = 0if:

). = Pso €Os @ (C/m”)

p. = py sin” @ (C/m?)

pe = poe”" (C/m?)

py = pye™" sin” ¢ (C/m?)
where py 18 a constant.

4.6 If J = ¥4xz (A/m°). find the current / flowing
through a square with corners at (0.0.0). (2.0.0).
(2.0.2).and (0. 0. 2).

4.7 If J = R5/R (A/m-). find I through the surface
R=5m.

4.8 An electron beam shaped like a circular cylinder of
radius r carries a charge density given by

where pp i1s a positive constant and the beam’s axis 1s
coincident with the z-axis.

(2 Determine the total charge contained in length L of
the beam.

th If the electrons are moving in the —z-direction
with uniform speed u. determine the magnitude and
direction of the current crossing the z-plane.

[
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49 A square with sides of 2 m has a charge of 40 «C
at each of its four corners. Determine the electric field at
2 point 5 m above the center of the square.

{

4, Three point charges. each with ¢ = 3 nC. are
located at the corners of a triangle in the x—v plane. with
one corner at the origin. another at (2 cm. 0. 0). and the
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third at (0. 2 cm. 0). Find the force acting on the charge
located at the origin.

411" Charge g = 6 uC is located at (I cm. 1 em. 0)
and charge g 1s located at (0. 0. 4 cm). What should ¢,
be so that E at (0. 2 cm. 0) has no y-component?

412 A line of charge with uniform density
o= 8 (uC/m) exists in air along the z-axis between
z=0and z =5 cm. Find E at (0,10 cm.0).

413" Electric charge is distributed along an arc located
in the x—v plane and defined by » = 2 cmand 0 <
¢ <x/4.1If pp =35 (uC/m), find E at (0. 0. 7) and then
evaluate it at:

(ta) The origin.
(h! z=5cm
() z=-3cm

414 A line of charge with uniform density p; extends
between : = —L /2 and z = L /2 along the z-axis. Apply
Coulomb’s law to obtain an expression for the electric
field at any point P(r. ¢. 0) on the x—v plane. Show that
vour result reduces to the expression given by (4.33) as
the length L is extended to infinity.

415" Repeat Example 4-3 for the circular disk of
charge of radius a. but in the present case. assume the
surface charge density to varyv with r as

=T~ (C/m*)

where pg is a constant.

4.16  Multiple charges at different locations are said to
be in equilibrium if the force acting on any one of them
is identical in magnitude and direction to the force acting
on any of the others. Suppose we have two negative
charges. one located at the origin and carrying charge
—Q%e. and the other located on the positive x-axis at a
distance d from the first one and carrying charge —36e.
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Determine the location, polarity and magnitude of a third
charge whose placement would bring the entire system
into equilibrium.

Three infinite lines of charge, all parallel to the
z-axis, are located at the three corners of the kite-shaped
arrangement shown in Fig. 4-29. If the two right triangles
are symmetrical and of equal corresponding sides, show
that the electric field is zero at the origin.

igure £-249: Kite-shaped arrangment of line charges for
Problem 4.17.

Three infinite lines of charge, p;, = 3 (nC/m).
o, = —3 (nC/m), and p;, = 3 (nC/m), are all
parallel to the z-axis. If they pass through the respective
points (0. —b), (0.0). and (0. b) in the x—v plane. find

the electric field at (a.0.0). Evaluate your result for

a=2cmandb =1cm.

A horizontal strip lying in the x—y plane is of
width d in the y-direction and infinitely long in the
x-direction. If the strip is in air and has a uniform charee
distribution p., use Coulomb’s law to obtain an e.\'pligjq
expression for the electric field at a point P located ar 3
distance /1 above the centerline of the strip. Extend your
result to the special case where d is infinite and compare
it with Eq. (4.25).

Given the electric flux density
D=x2(x+y)+§3x —2y) (C/m?)
determine
pv by applying Eq. (4.26).

The total charge Q enclosed in a cube 2 m ona
side, located in the first octant with three of its sides
coincident with the x-, v-, and z-axes and one of its

corners at the origin.

21 The total charge Q in the cube, obtained by applying
Eq. (4.29).

Repeat Problem 4.20 for D = %xyv°:° (C/m?).

122 Charge Q, is uniformly distributed over a thi?
spherical shell of radius a, and charge Q- is unifom}l}'
distributed over a second spherical shell of radius b. with
b > a. Apply Gauss’s law to find E in the regions R <&
a<R<b,andR > b.

The electric flux density inside a dielectric spher®
of radius a centered at the origin is given by

D = RpyR  (C/m?)

. . - ocide the
where pg is a constant. Find the total charge inside
sphere.
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In a certain region of space. the charge density is
oiven in cylindrical coordinates by the function:
pv =3re”" (C/m’)
Apply Gauss’s law to find D.

An infinitely lon
betweenr = I mandr =
density pvo. Apply Gauss’s law to find D in all regions.

g cylindrical shell extending
3 m contains a uniform charge
4.0 If the charge density increases linearly with
distance from the origin such that p, = 0 at the origin
and py = 4 C/m’ at R = 2 m. find the corresponding
variation of D.

A square in the x—y plane in free space has a point
charge of +Q at corner (a/2.a/2). the same at corner
(a/2. —a/2), and a point charge of —(Q at each of the
other two corners.

Find the electric potential at any point P along the
X-axis.
Evaluate V atx = q/2.
4. The circular disk of radius a shown in Fig.4-7 has
uniform charge density p; across its surface.

Obtain an expression for the electric potential V at
a point P(0. 0. z) on the z-axis.

Use vour result to find E and then evaluate it for
2 = h. Compare your final expression with (4.24),
which was obtained on the basis of Coulomb’s law.

A circular ring of charge of radius « lies in the
x—y plane and is centered at the origin. Assume also that
the ring is in air and carries a uniform density p,.

Show that the electrical potential at (0. 0, z) is given
b_\ V = Jo el [25{:,(02 €1 ::)] :].

Find the corresponding electric field E.

Show that the electric potential difference Vi,
between two points in air at radial distances r; and r,
from an infinite line of charge with density p; along the
z-axisis Vo = (p /271 eq) In(ra /1y ).

Find the electric potential V' at a location a
distance b from the origin in the x—v plane due to a line
charge with charge density p; and of length /. The line
charge is coincident with the z-axis and extends from
:=—1/2t0z=1/2.

o

For the electric dipole shown in Fig. 4-13,
d=1cmand |[E|=4(mV/m)at R =1 mand ¥ = 0°.
Find Eat R =2 mand 8 = 90°.

: For each of the distributions of the electric
potential V shown in Fig. 4-30. sketch the corresponding
distribution of E (in all cases, the vertical axis is in volts
and the horizontal axis is in meters).

Given the electric field

(V/m)

~ 18
E=R—
R

find the electric potential of point A with respect to
point B where A is at +2 m and B at —4 m. both on
the z-axis.

An infinitely long line of charge with uniform
density g = 9 (nC/m) lies in the x—y plane parallel to
the v-axis at x = 2 m. Find the potential V5 at point
A(3m. 0.4 m) in Cartesian coordinates with respect to
point B(0. 0. 0) by applying the result of Problem 4.30.

The x—y plane contains a uniform sheet of charge
with p;, = 0.2 (nC/m?). A second sheet with ps, = —0.2
(nC/m?) occupies the plane ; = 6 m. Find V. Vzc. and

AD

Ve for A0, 0,6 m), B(0,0.0). and C(0. =2 m. 2 m).
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Electric potential distributions of Prob-

A cylindrical bar of silicon has a radius of 4 mm
and alength of 8 cm. If a voltage of 5 V is applied between
the ends of the bar and . = 0.13 (m?/V-s), up = 0.05
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(m*/V:s), N, = 1.5 x 10'¢ electrons/m’. and Ny, = N,
find the following:

The conductivity of silicon.

The current 7 flowing in the bar.
The drift velocities u. and uy,.
The resistance of the bar,

The power dissipated in the bar.

Repeat Problem 4.37 for a bar of germanium
with g = 0.4 (m>/V-s), gy = 0.2 (m*/V-s), and
Ne = Ny = 2.4 x 10" electrons or holes/m°.

A 100-m-long conductor of uniform cross-section
has a voltage drop of 4 V between its ends. If the density
of the current flowing through it is 1.4 x 10° (A/m?).
identify the material of the conductor.

A coaxial resistor of length / consists of two
concentric cylinders. The inner cylinder has radius 4
and is made of a material with conductivity ;. and
the outer cylinder. extending between r = ¢ and
r = b, is made of a material with conductivity o,. If
the two ends of the resistor are capped with conducting
plates, show that the resistance between the two ends is
R =l/[n(0\a” + 02(b* — a?))].

Apply the result of Problem 4.40 to find the
resistance of a 20-cm-long hollow cylinder (Fig. 4-31)
made of carbon with o = 3 x 10* (S/m).

A 2 x 1073 -mm-thick square sheet of aluminum
has 5 cm x 5 cm faces. Find the following:

The resistance between opposite edges on a square

face.

The resistance between the two square faces.
(See Appendix B for the electrical constants 0!
materials.)
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Carbon

Cross-section of hollow cyvlinder of

Problem 4.41.

E-=x3-¥2+22(V/m). &, = 2g,. & = 18,
and the boundary has a surface charge density
po = 3.534 x 107" (C/m?). What angle does E, make
with the z-axis?

4.4- Aninfinitely long conducting cvlinder of radius a
has a surface charge density p.. The cylinder is
surrounded by a dielectric medium with ¢, = 4 and

contains no free charges. If the tangential component
of the electric field in the region r = « is given by
E = —¢cos-¢/r-. find p..

4. A 2-cm conducting sphere is embedded in
a charge-free dielectric medium with &, = 9. If

E; = R3cos# — 6 3sinf (V/m) in the surrounding
region. find the charge density on the sphere’s surface.

4.4 If E = RI150 (V/m) at the surface of a 5-cm

conducting sphere centered at the origin. what is the total
charge Q on the sphere’s surface?

447 Figure 4-32 shows three planar dielectric slabs of
equal thickness but with different dielectric constants. If
E in air makes an angle of 45° with respect to the z-axis.
find the angle of E in each of the other layers.

i. With reference to Fig. 4-19. find E; if

&
45 /
o (air)
&1 = SEU
Er= 56‘3
g3=Tg
£g (air)
sure <-32: Dielectric slabs in Problem 4.47.

445 Determine the force of attraction in a parallel-plate
capacitor with A = 5cm?. d = 2 cm, and &; = 4 if the
voltage across it is 50 V.

<.=%  Dielectric breakdown occurs in a material
whenever the magnitude of the field E exceeds the
dielectric strength anywhere in that material. In the
coaxial capacitor of Example 4-12,

At what value of r is | E/ maximum?

What is the breakdown voltage if ¢ = 1 cm.
b = 2 cm. and the dielectric material is mica with
& = 67

150 Anelectron with charge Q. = —1.6x107'% Cand
mass m. = 9.1 x 107*! kg is injected at a point adjacent
to the negatively charged plate in the region between
the plates of an air-filled parallel-plate capacitor with
separation of 1 ¢cm and rectangular plates each 10 cm”
in area (Fig. 4-33). If the voltage across the capacitor is
10 V. find the following:
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The force acting on the electron.
The acceleration of the electron.

The time it takes the electron to reach the positively
charged plate. assuming that it starts from rest.

= 1l cm >
Vo= 10V
re <4-33: Electron between charged plates of
Problem 4.50.
L5317 In a dielectric medium with e, = 4, the electric
field is given by
E=x(x"+2)+¥yx —2(y+2) (V/m)

Calculate the electrostatic energy stored in the region
—Im<y<ImO0<y<2mand0<:<3m

4532 Figure 4-34(a) depicts a capacitor consisting of
two parallel. conducting plates separated by a distance d.
The space between the plates contains two adjacent
dielectrics. one with permittivity £, and surface area A,
and another with &, and A-. The objective of this problem
1s to show that the capacitance C of the configuration
shown in Fig. 4-34(a) is equivalent to two capacitances
in parallel. as illustrated in Fig. 4-34(b). with

C=C+Cs (4.132)

—
A
. A A
T =V
d 81 E:
(a)
= Chz=— '“-J
(b)
digure 4-34: (a) Capacitor with parallel dielectric
section. and (b) equivalent circuit.
where
£14, .
C, = il (4.133)
d
£1A- 1
C,=——= (4.132)
d

To this end. proceed as follows:
1 Find the electric fields E| and E- in the two dielectn¢
layers.
Calculate the energy stored in each section and us

the result to calculate C; and C>.

Use the total energy stored in the capacitor to obtal
an expression for C. Show that (4.132) is indeed 2
valid result.
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m

Use the result of Problem 4.52 to determine the ——

capacitance for each of the following configurations:

Conducting plates are on top and bottom faces of

the rectangular structure in Fig. 4-35(a).

Conducting plates are on front and back faces of the
2

structure in Fig. 4-3

5(a).

Conducting plates are on top and bottom faces of
2]

the cylindrical structure in Fig. 4-35(b).

4.5 The capacitor shown in Fig. 4-36 consisis of (a)
two parallel dielectric layers. Use energy considerations
to show that the equivalent capacitance of the overall
capacitor, C. 1s equal to the series combination of the
capacitances of the individual layers. C; and C. namely

ry=2mm

r» =4mm

G _
C = —— (4.135)
Cr-tils Y

!\

Let V; and V; be the electric potentials across the
upper and lower dielectrics, respectively. What are
the corresponding electric fields £; and E,? By
applying the appropriate boundary condition at the
interface between the two dielectrics. obtain explicit
expressions for £, and E- interms of €;. €-. V, and
the indicated dimensions of the capacitor.

(]

W, o w m we W W mm mm e mm e M e e ww e e e
R T I T I R I R

Calculate the energy stored in each of the dielectric -

layers and then use the sum to obtain an expression
for C.

Show that C is given by Eq. (4.135).

.55 Use the expressions given in Problem 4.54 o

. : . % : . T g 1S ielectrie sections for Problemc
determine the capacitance for the configurations in ieure 4-35: Dielectric sections for Problem:
Fig. 4-35(a) when the conducting plates are placed on
th

4,53 and

|
N
n

4
v

ight and left faces of the structure.
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A I‘f;
I(;j: — i
2
£2
|
(a)
C :J‘: N
| =
C, —IZ B
(b)
“igure £-36: (a) Capacitor with parallel dielectric layers,

and (b) equivalent circuit (Problem 4.54).

With reference to Fig. 4-37, charge QO is located
at a distance d above a grounded half-plane located in
the x—y plane and at a distance d from another grounded
half-plane in the x—z plane. Use the image method to

Establish the magnitudes, polarities, and locations
of the images of charge Q with respect to each of the
two ground planes (as if each is infinite in extent).

Find the electric potential and electric field at an
arbitrary point P (0. v. z).
:7  Conducting wires above a conducting plane carry
currents /; and /> in the directions shown in Fig. 4-38.

ure - Charge @ next to two perpendicular,
grounded. conducting half-planes.

(a) (b)

Figure 4-38: Currents above a conducting plane
(Problem 4.57).

Keeping in mind that the direction of a current is defined
in terms of the movement of positive charges, what ar¢
the directions of the image currents corresponding to /:
and [57

Use the image method to find the capacitance pet
unit length of an infinitely long conducting cylinder of
radius a situated at a distance d from a parallel conducting
plane. as shown in Fig. 4-39.



